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Welcome to the COMPOS Year 11 Maths Entrance Assignment. These problems are designed to stretch
you, so do not be discouraged if you cannot solve them all on your first attempt.
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extensions.

• To submit work you must have registered for the programme via our website by Thursday 24th
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files/vzsiac1461/files/2026-08/admissions-and-marking-policy 2026.pdf]

• Solutions must be submitted one problem at a time, to the Google Quiz set up for Y11 Maths 2026.
Registered students will receive an email in a few weeks with information about this.

• Your solutions must be uploaded as image files or pdfs.

• Every problem must be handwritten on paper or in an e-notebook, showing full working, method and
reasoning, no method = no marks.

• This assignment must be entirely your own work. You cannot collaborate or get help to solve the
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• You must not use AI.

• You can use a calculator, and consult additional resources to research the topics.
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final answer.

• Give each problem a go, and skip to the next one if you are stuck.
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Solving Problems

The key to solving any maths problem is to break it down. In George Pólya’s book ‘How to Solve It’, he presents
four steps to problem-solving:

1. Understand the Problem: Identify exactly what information you have and what you need to find. Visualise
the problem—make a sketch or introduce some suitable maths notation.

2. Devise a Plan: What connects your knowns to your unknowns? Have you seen a similar problem before? Do
you know a related theorem or formula that could be useful? Map out your steps logically before calculating
anything.

3. Carry Out the Plan: Execute your plan step-by-step. Keep your working algebraic for as long as possible;
if asked to calculate a numerical value, substituting the numbers should be your very last step. Check each
step as you go.

4. Look Back: Can you check the result or the argument? Ask yourself: Does this make sense? Can you derive
the result differently?
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1 The Multiplication Principle

Combinatorics is the area of mathematics concerned with counting arrangements of discrete objects when the
objects are selected under some conditions or constraints. A real example might be selecting letters, numbers, and
symbols to construct a password for an online bank account. A security expert may ask themselves how many
8-digit passwords are possible to create from the letters, numbers, and symbols on a typical keyboard.

That question can be answered using a fundamental idea in combinatorics The Multiplication Principle: if one
task can be completed in m ways and a second, independent task can be completed in n ways, then the two tasks
together can be completed in m× n different ways.

Example 1
A restaurant menu consists of three starters and four mains. How many meals can customers choose?

Solution: Each of the three starters can be paired up with any one of the four main courses. This gives 12
possibilities overall. This is an example of the multiplication principle in action.
This can be illustrated using the following diagram — the tree diagram. In the first step, we may choose
any of the three edges (or paths), each of which will lead to a node with another four choices.

Start

Starter 1

Main 1 Main 2 Main 3 Main 4

Starter 2

Main 1 Main 2 Main 3 Main 4

Starter 3

Main 1 Main 2 Main 3 Main 4

It is helpful to use diagrams to illustrate your solutions at the beginning. Eventually, you’ll be able to
applying the method mentally and solve the problems faster.

Now try: An unbiased coin is tossed 4 times, how many different sequences of heads and tails can be
obtained? How many of these have exactly two heads?

Problem 1 (3 marks)

A school is organising a trip and students must choose one lunch, one drink, and one activity badge from the
following options:

• Lunch: sandwich, wrap, or pasta box.

• Drink: water, juice, or milk.

• Badge: science, maths, music, art, or sport.

Construct a suitable diagram and use it to calculate and explain the number of different trip packages possible.
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The multiplication principle can be extended to many more steps. If there are n1 ways of doing something in the
first step, n2 ways of doing something in the second step, and so on until there are nk ways of doing something in
the kth step, then overall the number of ways overall is the product n1 ×n2 ×n3 · · · ×nk = n1n2n3 . . . nk where we
have adopted the algebraic convention of omitting the multiplication symbol.

Example 2

A security code consists of digits chosen from {1, 2, 3, 4}.

a) How many 3-digit codes are possible?

b) How many k−digit codes are possible?

c) How many 4−digit codes contain no repeated digits?

Solution:
a) Each of the 3 positions can be filled with any of the 4 digits. So the total number of codes is

4× 4× 4 = 43 = 64

b) Extending this idea, for a k−digit code, there are 4 choices at each position. Hence, the total number of
codes is 4k.

c) Now suppose no digit can be repeated. For the first digit, there are 4 choices. For the second digit, only
3 choices remain. For the third, 2 choices remain, and so on. So for a 4−digit code, the number of codes is:

4× 3× 2× 1 = 24.

This introduces a key idea: when choices are restricted, the number of options can decrease at each step,
but the multiplication principle still applies.

Now Try: How many 5-digit codes can be made from the letters PQRST? By how many does this figure
reduce if repetition is not allowed?

Problem 2 (5 marks)

The characters on a standard UK keyboard consist of 26 letters, 10 numbers, and 40 symbols. If any character can
be used in any position, how many 3-character passwords are possible? If each 3-character password must contain
one letter, one number, and one symbol in that order, and you may include upper-case letters as well as lower-case,
how many passwords are possible?

Sometimes counting problems can be simplified if instead we consider the number of objects which do not fit the
condition we want to apply. This is called complementary counting and is often useful for problems which can be
expressed as an “or” statement rather than an “and” statement. Example 1 is an “and” counting problem, meal
1 AND meal 2 AND ...meal 12 gives us the 12 possibilities we wanted to work out. Let’s look at an OR problem.
These sorts of problems often contain expressions such as “at least” or “at most”. To solve them, we can calculate
the total number of possibilities and then subtract the ones which don’t fit our criteria.
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Example 3

How many 7-digit numbers contain at least one seven as a digit?

Solution: Firstly, let us think about how many seven-digit numbers there are.

The leading digit of a seven-digit number cannot be zero, so there are only nine choices (1, 2, 3, . . . , 9).
All other digits could be zero, so there are 10 choices for each of the remaining six digits. Using the
multiplication principle,we have that there are 9× 106 seven-digit numbers. Notice we would get the same
result if we simply thought about the number of numbers between 1, 000, 000 and 9, 999, 999 (inclusive),
which is 107 − 106 = 9× 106.

We want to count those seven-digit numbers with a seven. That is like asking for numbers where there is a
seven in position 1 OR position 2 OR ... position 7. Notice how the problem contains an “at least” condition.

It turns out that it is easier to count the number of seven-digit numbers without a seven. If none of the
digits can be a seven, then there are only eight choices for the leading order digits, and nine choices for the
remaining six digits. Then using the multiplication principle, we have that there are 8× 96 digits without a
seven.

The number of seven-digit numbers which contain a seven is hence 9 × 106 − 8 × 96. It is possible to
evaluate this number as 4, 748, 472, but in many ways the answer 9× 106 − 8× 96 is preferable as it is more
suggestive of the method.

Now try: How many positive integers less than 100 are not a multiple of five?

Problem 3 (3 marks)

Chloe is crocheting granny squares1 as shown in Figure 1, from 4 random choices of coloured wool; red, blue, green,
yellow. How many distinct squares can she make with red wool used at least once?

Figure 1: A crocheted granny square.

In problems with restrictions, it is often helpful to describe the allowed and forbidden cases using logical statements.
This gives a precise way to express conditions such as “no two consecutive layers of a granny square are red.”

1For anyone unfamiliar with this design, a granny square is made from layers of concentric crochet stitches, the first layer is in the
centre and coloured blue in the picture above, then the wool is swapped and the next layer is crocheted into place, green on the example.
Then the wool is swapped again to a third colour and so on.
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Suppose we define the set A : for all arrangements where layer i is red, and set B : for the arrangements where
layer i + 1 is red. Then the forbidden situation is A AND B, so the allowed situation is the negation of this:
NOT(A AND B).

This can be generalised to any group of values which satisfies a condition A and another set which satisfies condition
B. This enables us to apply a useful result from set theory: De Morgan’s Laws.

Law 1: (A ∪B)′ = A′ ∩B′

U

A B

Law 2: (A ∩B)′ = A′ ∪B′

U

A B

Figure 2: Venn diagram representations of De Morgan’s Laws.

We’ve introduced some set theory notation here, B′ = NOT B, ∪ = OR and, ∩=AND. The grey coloured regions
in the pictures above are the regions which the statements apply to. Expressed as AND, OR or NOT statements,
De Morgan’s First Law is:

NOT(a OR b) = (NOTa) AND (NOTb).

which means “not either” and is equivalent to “neither.” Similarly, De Morgan’s Second Law:

NOT(a AND b) = (NOTa) OR (NOTb).

This means “not both” and is equivalent to “at least one is not.”

Problem 4 (8 marks)

Write AND, OR and NOT statements for the following situations and all equivalent statements using De Morgan’s
Laws, then solve the problems:

a) 300 students were asked who would be attending their prom and/or their end of year award assembly. 62 students
said they would miss at least one of these events. How many students will attend both events?

b) How many integers between 1 and 1000 (inclusive) are neither multiples of 2 nor multiples of 5?

c) How many 5 letter sequences from the alphabet contain letters which are not in the words CAT, DOG or FISH?

2 Permutation and Arrangement

Now that we have a grasp of the basic idea of counting discrete objects, let us look at two more specific types of
count: permutations and combinations.

A Permutation is an arrangement of objects where the order does matter.

A Combination is an arrangement of objects where the order does not matter.

Both of these can be further divided into arrangements where repetition is allowed, and those where it is not.
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Example 4

There are six ways of putting the letters ABC into order (ABC,ACB,BAC,BCA,CAB and CBA), so
this set of letters has 6 possible permutations.

Solution:

ABC

CBA

CAB

CBA

BAC

BCA

BAC

ABC

ACB

ABC

Now try: How many ways can you order the four arithmetic operations (+, −, ×, and ÷) if each is used
exactly once?

Problem 5 (4 marks)

For each situation below, decide whether the order of the items matters and whether repetition is allowed, thus
justify whether the situation is best described as a permutation or a combination.

a) A telephone number.

b) Lottery numbers

c) Food selection in a 3 items for £12 offer

d) Pre-booked seats on an aeroplane.

2.1 Permutation when Repetition is Allowed

In situations the order matters and where repetition is allowed, you can choose any of the n objects again at each
position. These are the easiest to calculate.

In Example 4, we could have allowed any of the three letters A,B or C to fill any one of the three positions in the
string of letters. That would increase the number of possible strings from 6 in the example, as each of the positions
now has 3 possible choices. We can use the multiplication rule to calculate the total number of three letter strings
allowing for repetition in any position as 3× 3× 3 = 27 strings. Here there are r = 3 positions, each of which have
n = 3 possible objects to fill the position, or nr = 33 strings in total.

We can generalise this formula, to fill r positions from n types of objects, the number of permutations is:

nr = n× n× . . . n︸ ︷︷ ︸
r times

(1)

• The first position has n choices.
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• Each subsequent position also has n choices, since repetition is allowed.

• By the multiplication principle, the total is nr.

2.2 Permutation when Repetition is Not Allowed

As before, let n = number of distinct objects available, and r = number of positions to fill. Consider situations
where no repetition is allowed (each object can be used only once).

Example 5

A hurdle race has 8 competitors: Ana, Ben, Cara, Dan, Eva, Frank, Grace, and Harry. Assuming there are
no ties, in how many different possible orders can the 8 athletes finish the race?

Solution: Repetition is not allowed in this case as you cannot come first and second in a race. We want
to find the number of permutations of the 8 athletes and we know the number of choices will reduce each
time. Using the multiplication principle, the total number of possible finishing orders is:

8× 7× 6× 5× 4× 3× 2× 1 = 8! = 40320

So there are 40,320 different possible orders in which the 8 athletes can finish the race.
Note we have introduced this mathematical symbol ! which is called the factorial. It is a product of an
integer multiplied by all integers below it.

• 0! = 1

• 1! = 1

• 2! = 2× 1

• 3! = 3× 2× 1

• · · ·

• n! = n× (n− 1)× (n− 2) · · · × 2× 1

In the example above, every runner was allocated a position at the end. But what if we are only interested in the
possible arrangements of first, second and third place? The multiplicative sequence expressed by n! needs to be
truncated after the third choice, and the way to do that is to divide by the terms in n! which we do not need:

8× 7× 6× 5× 4× 3× 2× 1

5× 4× 3× 2× 1
=

8!

5!
= 8× 7× 6.

Using our definitions for n and r, we have calculated n!/(n− r)!. Thus we can express the number of permutations
in a situation where repetition is not allowed as:

nPr =
n!

(n− r)!
(2)

Notice the symbol we have introduced to describe this permutation, nPr. The number of objects sits as a superscript
in the top left hand side, and the number of positions as a subscript on the bottom right hand side. The first,
second and third place arrangements of the running race can be written 8P3 in this notation. For the situation in
Example 5, we have n = 8 and r = 8 so we recover the expression 8P8 = 8!/(0!) = 8! as required. A condition must
exist on r and n if no repetition is allowed in a permutation, obviously the number of positions cannot be greater
than the number of objects. Can you see why?
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This Khan Academy video2 provides another walk-through of the permutation ideas introduced earlier.

Example 6

A lock code consists of 4 digits, each from the set {0, 1, 2, . . . , 9}. Determine how many possible codes there
are in each of the following cases:

a) Digits may be repeated.

b) Digits may not be repeated.

Solution:
a) When digits are repeated:

• Number of objects to chose from : n = 10.

• Number of positions to fill : r = 4.

• Repetition is allowed, so at each position we have 10 choices.

Using the formula in Eqn. 1: nr = 104 = 10, 000. So, there are 10 000 possible codes.

b) When digits are not repeated:

• Number of objects to choose from : n = 10.

• Number of positions to fill : r = 4.

• Repetition is not allowed, so at position the number of choices reduces by one.

Using the formula in Eqn. 2:

10P4 =
10!

(10− 4)
=

10!

6!
= 10× 9× 8× 7 = 5040.

So, there are 5040 possible codes when digits may not be repeated

Figure 3: A digital door lock.

Problem 6 *(7 marks)
A company is creating a 4-character access code for their
front door. The code must use the digits 0 − 9 and at
least one of the letters X, Y or Z. Explain how many
different codes can be made if a character cannot be used
more than once.

Moriarty is breaking into the company. He knows the only
letter is X and that is the last character of the code. He
knows one other character is a 7. If it takes 5 seconds to
type in a code and wait for the lock to open (or not) how
long will it take him to work through all possibilities?

2https://youtu.be/DROZVHObeko?si=CYa-oOOdO1gn2zxJ
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3 Combinations

Sometimes the order in which objects are selected does not matter, for example, in most card games, players are
allowed to reorder the cards dealt to them. Since order does not matter, selecting {A,B,C}is the same as {C,B,A}
or {B,A,C}. That means all selections which contain A, B and C are equivalent, they can no longer be counted
as distinct arrangements. This leads us to the concept of a Combination.

Remind yourself of Example 4, where we looked at the possible permutations of the letters ABC, there were 6.
However, ABC and all the other variations in order and position are still only one combination. The number of
combinations is found from the number of permutations, but we must divide out the equivalent groupings.

For 3 objects to choose from, ABC, and 3 positions to fill with no repeats, the number of permutations is 3!= 6,
and number of combinations is 3!/3!=6/6 = 1. To choose r objects from n objects when the order does not matter,
we start with the number of permutations nPr and divide by r! to correct for counting the same set of objects
arranged in different orders. This gives the fundamental formula for combinations:

nCr =
nPr

r!
=

n!

r!(n− r)!
(3)

For another explanation of combinations, you can watch this Khan Academy video3.

Example 7

A coach has 5 tennis players: A, B, C, D, and E. The coach wants to choose 2 students to be on a doubles
team. The order does not matter, so AB is the same team as BA. The number of combinations is:

5C2 =
5!

2!3!
= 10.

So, there are 10 possible teams.

Now, suppose if the coach chooses 2 players, but one will be the captain and the other will be the vice
captain. The order does matter as AB is different from BA. The number of permutations is:

5P2 =
5!

3!
= 20.

So, there are 20 possible selections.

Permutations

Combinations

AB AC

AD AE
BE CD

BC BD
CE DE

EB DC

BA CA

DA EA

EC ED

CB DB

Now try: Sort 7 musicians into trios, how many combinations and permutations are there?

3https://youtu.be/p8vIcmr Pqo?si=cXZkmlCP4L--Cq59
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Example 8

The alien planet Combia has an alphabet of 26 symbols. A Combian word is made by choosing 5 different
symbols and writing them in alphabetical order. For example, ACERX is a valid word, but AECRX is
not, because the symbols are not in order. How many Combian words are there?

Solution: The total number of arrangements of 26 letters across 5 positions is already known to us,
26P5 = 26!/21!. However, we have one additional condition to consider, each group of 5 symbols can be
arranged in 5! different orders, and only one of these is the correct Combian order.
So the number of allowable Combian words is

26C5 =
26P5

5!
=

26!

21!5!
= 65, 780.

Note that the number of permutations is usually greater than or equal to the number of combinations

The formula for counting combinations can be expressed several ways, so please familiarise yourself with these
equivalent statements,

C(n, r) =n Cr =n Cr =

(
n
r

)
=

n!

r!(n− r)!
(4)

All these notations mean “given n, choose r” with no repetition and when order does not matter, such as in Example
8 which stated given 26, choose 5.

Problem 7 *(5 marks)

Many UK postcodes consist of a sequence “letter-letter-number number-letter-letter” such as OX1 3PU for the
Department of Physics, University of Oxford. Assume any letter A to Z is allowed, and any number 0 to 9. How
many palindromic sequences are possible? How many palindromes are possible if the letters must be ordered
alphabetically, e.g. AB2 2BA?

3.1 Pascal’s Triangle

Earlier, we counted arrangements using permutations. Now we want to count choices instead of arrangements. A
helpful pattern for this is Pascal’s triangle, which shows how many ways outcomes can occur when there are two
options each time, such as heads or tails. For example, if we toss a coin:

a) 1 toss: outcome is either H or T → frequency of each outcome 1, 1

b) 2 toss: outcomes are HH,HT, TH, TT → frequencies 1, 2, 1

c) 3 toss: HHH,HHT,HTH, THH,HTT, THT, TTH, TTT → 1, 3, 3, 1

The number of times each outcome appears forms a pattern. If we arrange them in a triangle, descending rows
tell us the number of ways to get 0, 1, 2, 3, . . . heads after a given number of tosses. This pattern is called Pascal’s
triangle after the French mathematician Blaise Pascal, find out more at Maths is Fun4.

4https://www.mathsisfun.com/pascals-triangle.html
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n =0 1
n =1 1 1
n =2 1 2 1
n =3 1 3 3 1
n =4 1 4 6 4 1
n =5 1 5 10 10 5 1
n =6 1 6 15 20 15 6 1

Figure 4: The first seven rows of Pascal’s Triangle.

Each row of Pascal’s triangle shows how many combinations are possible for n objects. For example, the third
row, 1, 3, 3, 1, corresponds to 3C0,

3 C1,
3 C2,

3 C3, also written as
(
3
0

)
,
(
3
1

)
,
(
3
2

)
,
(
3
3

)
where these bracketed numbers

are called Binomial Coefficients, prefix bi- meaning two, suffix -nomial referring to parts. You can now see why the
terms in Eq. (4) are all equivalent. We will use the binomial representation of the combination or choose formula
in the next section.

3.2 Combinations with Identical Objects

The next sort of arrangement we will look at in this assignment is hard to prove directly; that involves maths
concepts such as k-tuples and multi-sets which are beyond what we can cover in this paper. Fortunately, there is an
intuitive way of showing the result which we will work through now. We introduce the idea of n identical objects
being split into k groupings, sometimes known as stars and bars, or balls and bins. This allows us to investigate
problems with indistinguishable objects.

Situation 1: Every bin has at least one ball

n objects are placed into k groupings so that all groups have at least one object, that is equivalent to saying when
we count the number of objects in any grouping, it will be a positive integer greater than zero.

Consider the sequence of 7 identical balls ⃝⃝⃝⃝⃝⃝⃝, we wish to divide it into three groupings. To show
this visually we introduce bars which split the 7 objects up,

⃝⃝⃝⃝ |⃝ |⃝⃝

Notice that for k groupings or bins, we need k-1 bars to act as dividers. As no bins can be empty, the dividers must
be positioned between balls and not at either end or next to each other, that gives a total of 6 possible positions
for the dividers. This is the clever bit - the number of possible arrangements of the two bars is equal to the number
of ways of dividing up the 7 balls into 3 bins, 6C2 = 15 in this case.

In general, there are k-1 bars and n-1 positions where the bars can be placed, thus we have

number of arrangements =

(
n− 1
k − 1

)
=

(n− 1)!

(k − 1)!(n− k)!
(5)
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Example 9

This seems like a completely different type of problem, but it is still balls and bins!
The equation x1 + x2 + x3 + x4 = 10 states that four numbers when summed together total 10. Consider
the case where x1 to x4 are positive integers, i.e. 0 < xi < 10 for i = 1, 2, 3, 4. How many possible solutions
are there to this equation?

Solution: You have 10 objects, integers of value 1, which can be divided into 4 groupings and when the
number of objects in each grouping are added together the total is 10, for example

⃝⃝⃝|⃝⃝|⃝⃝⃝⃝|⃝ = 3 + 2 + 4 + 1 = 10

We apply the formula for Eq. (5)

(
n− 1
k − 1

)
=

(
9
3

)
=9 C3 = 84

Now try: Find the number of solutions to the equation x1 + x2 + x3 + x4 + x5 = 15 for 0 < xi < 15.

Situation 2: Bins can be empty

Now if we count the number of objects in any grouping, we may find there are none. Consider the same sequence
of 7 balls as above, ⃝⃝⃝⃝⃝⃝⃝ but this time we do not require every bin to contain at least one ball. This
increases the number of positions available to the bars which denote each bin. The bars can now go at either end
of the sequence of balls or be positioned next to each other. Here are some allowed combinations:

5 bins containing 4,0,1,2,0 balls: ⃝⃝⃝⃝|| ⃝ |⃝⃝|

6 bins containing 0,1,2,1,1,2 balls: | ⃝ | ⃝⃝|⃝ |⃝ |⃝⃝

As you can see, given n balls, we can create k bins by placing k-1 bars. We need to consider the balls and the bars
as objects making up a sequence with n+ (k − 1) positions which can hold either a bar or ball. Thus the counting
formula is now:

number of arrangements =

(
n+ k − 1
k − 1

)
=

(n+ k − 1)!

n!(k − 1)!
(6)

Problem 8 (6 marks)

A 10cm cubed box containing interstellar gas at a density of 1 atom per cubic cm has a porous divider in the
middle. Write an expression for the fraction of all possible arrangements of the gas molecules which have at least
60% of the gas in one half of the box.

3.3 Permutations Revisited: Allow for Some Repetition

Consider a situation. The PIN must have a repeated number. How many possible combinations are there? This
is tricky as we are allowing repeats, so the usual rule for calculating combinations must be modified, but we are
limiting the number of repeats to just a few of the possible positions.

We can solve such problems by employing a subtle trick, we treat the repeated object as distinct to start with, then
remove the overcounting. This involves making use of something called multinomial factors.
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Example 10

The PIN for a touchpad lock consists of 4 digits, but inspection shows only three numbers of the to be worn
down from frequent use. The PIN must have a repeated number. How many possible combinations are there?

Solution: Let us assume that we distinguish the first and second use of the repeated digit, so our PIN is of
the form A,B,C1, C2.
For the first choice A, we are free to pick one of four 4C1 = 4!/1!3!. The second choice has three options,
as we have used up one of the unrepeated digits, 3C1 = 3!/1!2!, and the final choice of repeated numbers is
given two options, choose both 2C2 = 2!/2!0!, using Eqn. 3. Now we apply the multiplication principle and
multiply these combinations together:(

4
1, 1, 2

)
=4 C1 ×3 C1 ×2 C2 =

4!

1!3!

3!

1!2!

2!

2!0!
=

4!

1!1!2!

as we know 0! = 1. Calculating the factorial term yields the number of possible combinations of a 4-digit
pin using 3 numbers with the final digit repeating is 12.

One further step is required, we chose to repeat the final digit, we could have repeated the first or
middle digit of the three, generating the strings A1, A2, B,C and A,B1, B2, C. Each of these options would
have 12 arrangements, so the final answer is 3×12 = 36 possible ways to create a 4 digit PIN from 3 numbers.

Now try: How many ways can you arrange the 3 letters in the 6-digit word BANANA?

Problem 9 (3 marks)

How many arrangements of the string COMPOSSTUDENTSAREFUTURESCIENTISTS are possible if all letters
and characters are used?

4 Probability

Combinatorics has many applications to probability, since any finite counting problem can be interpreted proba-
bilistically. Probability measures how likely an event is:

P (event) =
number of ways the event can happen

total number of possible outcomes

To find the number of ways an event can happen, we may need to count using permutations and combinations. The
probability of an event is always a number between 0 and 1, with 0 meaning the event never occurs, and 1 meaning
it always occurs or must occur.
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Example 11

Five students: Alice, Ben, Chloe, Dan and Eva line up for a photo, a team of 3 is chosen at random. What
is the probability that Alice on the team?

Solution: The total number of possible teams is a combination because the order of the team doesn’t
matter, 5C3 = 5!/3!2! = 10. The number of teams containing Alice can be found by fixing the choice of Alice
in one position, then choosing 2 teammates from the remaining 4 students: 4C2 = 4!/2!2! = 6.
So:

P (Alice is chosen) =
4C2

5C3
=

6

10
=

3

5
.

Example 12

What is the probability of getting exactly two heads with 5 coin tosses?

Solution: Each toss has two possible outcomes, H or T, so there are 25 = 32 equally likely results.

To get exactly two heads, we count how many ways we can choose 2 positions out of 5 to be heads. Pascal’s
triangle gives us this count: in the fifth row, the entry for two heads is 10.

We write this number as
(
5
2

)
= 10, where

(
n
r

)
(read as “n choose r”) names the entry in the nth row, rth

position of Pascal’s triangle.

So the probability is (
5
2

)
25

=
10

32
=

5

16
≈ 31.25%.

Problem 10 (5 marks)

16 notebooks, identical apart from colour are to be arranged on a shelf. 6 are black, 4 are blue, 3 are red and 3 are
yellow. If the books are arranged in a random order, What is the probability that all the black books are positioned
next to each other?

5 Review Problems

Problem 11 (11 Marks)

Out of standard deck of 52 playing cards (no jokers) how many 4 card hands can you draw with

a) One of each suite?

b) Alternate colours?

c) One of each suite and alternate colours?

You take a deck of 52 cards and draw 4 cards at random, then add up the face value of your cards e.g. Jack + Jack
+ Jack + Ace = 11 + 11 + 11 + 1 = 34. A high score hand has values of ≥44. How many distinct hands scoring
exactly 44 are possible?

Problem 12 (8 marks)
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A password consists of 4 different letters chosen from the first 8 letters of the alphabet, arranged in a specific order,
and no letter can be repeated.

a) How many different passwords are possible?

b) If a password is chosen at random, calculate the probability that it starts with the letter A. Why is this result
to be expected?

c) What is the probability that the password contains the letters A and B (in any positions)?

Problem 13 (6 marks)

A chemical company’s safety system has 3 sensors in each laboratory. Each sensor’s state can be clear (0) or indicate
detection (1). The alarm in Lab A sounds if at least 2 sensors in the same lab detect a chemical leak in the air.

Given all possible sensor states are equally likely, what is the probability that the alarm sounds in Lab A?

Testing indicates that some sensors are wired incorrectly. Three or more sensors in state 1 across two different labs
are triggering the alarm in Lab A. How many additional alerts does the faulty wiring cause compared to correctly
wired sensors?

Problem 14 (10 Marks)

A committee of 5 members is to be chosen from 8 men and 7 women (15 people in total).

a) What is the probability that the committee has exactly 3 men and 2 women?

b) Show why the number of ways to choose the committee with exactly k men corresponds to an entry (or sum
of entries) in Pascal’s triangle, where k ≤ 5.

c) What is the probability that the committee has at least 4 men?

Problem 15 *(10 Marks)

The Birthday Paradox is the name given to the surprisingly small number of people who must be brought together
to find it more likely than not that two share a birthday.

Make a simplifying assumption, thus find the smallest number of people who need to be brought together to ensure
a probability >50% that two share a birthday. State your assumption and why it is necessary.
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A Key Equations

Description Formula

De Morgan’s First Law NOT(a OR b) = (NOTa) AND (NOTb)

Morgan’s Second Law NOT(a AND b) = (NOTa) OR (NOTb)

Factorials n! = n× (n− 1)× (n− 2) · · · × 2× 1

Permutation when Repetition is Al-
lowed

nr = n× n× . . . n︸ ︷︷ ︸
r times

Permutation when Repetition is Not
Allowed

nPr =
n!

(n− r)!

Combinations
nCr =

nPr

r! = n!
r!(n−r)!

Combinations with Identical Objects
(Every bin has at least one ball)

number of arrangements =

n− 1

k − 1

 =
(n− 1)!

(k − 1)!(n− k)!

Combinations with Identical Objects
(Bins can be empty)

number of arrangements =

n+ k − 1

k − 1

 =
(n+ k − 1)!

n!(k − 1)!

Event Probability P (event) = number of ways the event can happen
total number of possible outcomes

B Now Try examples - Answers

Example 1: 16 possible sequences, 6 with two heads only

Example 2: With repetition = 3125, without repetition = 120, reduction = 3005

Example 3: 80

Example 4: 24

Example 7: Combinations = 35, permutations =210

Example 9: 1001

Example 10: 60
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