Comprehensive Oxford Mathematics and Physics Online School (COMPOS)

Year 12 - Mathematics Assignment 01
Coordinate Geometry and Vectors

Total Marks: 71

Welcome to the COMPOS Year 12 Maths Entrance Assignment. These problems are designed to stretch
you, so do not be discouraged if you cannot solve them all on your first attempt.

The assignment is due by 23:59 BST, Thursday 15* October 2026 at the latest. There are no
extensions.

To submit work you must have registered for the programme via our website by Thursday 24"
September 2026. No registration = no submission possible.

Any submissions are governed by Admissions and Marking policy. [compos.site.ox.ac.uk/sites/
g/files/vzsiac1461/files/2026-08/admissions-and-marking-policy_2026.pdf]

Solutions must be submitted one problem at a time, to the Google Quiz set up for Y12 Maths 2026.
Registered students will receive an email in a few weeks with information about this.

Your solutions must be uploaded as image files or pdfs.

Every problem must be handwritten on paper or in an e-notebook, showing full working, method and
reasoning, no method = no marks.

This assignment must be entirely your own work. You cannot collaborate or get help to solve the
problems.

You must not use Al
You can use a calculator, and consult additional resources to research the topics.

Organise your work in a neat and coherent way, numbering each problem and clearly identifying your
final answer.

Give each problem a go, and skip to the next one if you are stuck.
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Solving Problems

The key to solving any maths problem is to break it down. In George Pdlya’s book ‘How to Solve It’, he presents
four steps to problem-solving:

1. Understand the Problem: Identify exactly what information you have and what you need to find. Visualise
the problem—make a sketch or introduce some suitable maths notation.

2. Devise a Plan: What connects your knowns to your unknowns? Have you seen a similar problem before? Do
you know a related theorem or formula that could be useful? Map out your steps logically before calculating
anything.

3. Carry Out the Plan: Execute your plan step-by-step. Keep your working algebraic for as long as possible;
if asked to calculate a numerical value, substituting the numbers should be your very last step. Check each
step as you go.

4. Look Back: Can you check the result or the argument? Ask yourself: Does this make sense? Can you derive
the result differently?
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1 Straight Lines

1.1 Coordinate Geometry

Let us start by recapping a few of the familiar concepts in coordinate geometry. We have provided links to
explanatory videos from Art of Problem Solving and Khan Academy in case you need a reminder.

Y

The distance between two points A(x1,y1) and B(zs,ys2) ( :
B(z2,y2

Video: How to calculate the distance between two points®.

Formula:

|AB| = \/(552 —21)2+ (y2 —11)? A(z1,91)

The midpoint (z,y) of a segment with ends A(z1,y1) and B(z2,y2) Y
B(z2,y2)
Video: How to calculate the midpoint of a segment?.
Formula: M(z,y)
M(a,y) = (D122 91t A1,91)
2 2 x
Yy

The equation of a straight line, with gradient m and y-intercept c
Video: How to write the equation of a line in slope-intercept form?.

Formula:

Ay

y = mx + ¢, where m =
Ax x

y
Equation of a line with gradient m passing through point A(xg, o)
Video: How to write the equation of a line in point-slope form?.
rm
Formula: f
y—yo =m(z — z0) (20, 30) .
Yy

Y = max + c2

Parallel and Perpendicular Lines Recap (Khan Academy)®

Yy =mi1x + C1

Two lines are parallel if and only if m; = ms.

Two lines are perpendicular if and only if myms = —1. y = maz +cs

xT
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Example 1
Find the equation of the line passing through the points A(2,3) and B(1,5) in the zy plane.

Solution: To find the equation of the line passing through points we first calculate the gradient

To — X1 1-2

m —2.

Now using the equation of a line with gradient m passing through point A(2,3) we can write:
y—3=—-2(zx—2).
Rearranging the terms we obtain y = —2x + 7.

Now try: Find the equation of the line passing through A(—4,8) and B(7,—13).

\ J

Problem 1 (4 marks)
(a) Find the equation of the perpendicular bisector of the line joining points A(2,5) and B(6,1).

(b) Find the shortest distance between the origin and the line of the perpendicular bisector.

e B

Example 2
Find the equation of the line that is parallel to the line 3z 4+ 2y — 6 = 0 and passes through the point (4,1).

Solution: By first rearranging into the standard equation for a straight line, find the gradient:

3 3
Y= —533 + 3. The gradient is m = — 2

Since parallel lines have the same gradient, we can use the equation of a line with gradient m passing through

point (4,1) we can write:
3
y—1= —5(:13—4).

Expanding and rearranging yields the equation of the parallel line to be 3z + 2y — 14 = 0.

Now try: the example with the line —8z + 3y = 4 passing through (1,1).

Problem 2 (3 marks)

The points A (=2, —1), B (4,1), and C (3,4) are three vertices of a parallelogram ABCD. Sketch the parallelogram
with the coordinates of the D, and explain your reasoning.

1.2 Vectors

A scalar is an object with magnitude (length or size), a vector has both magnitude and direction. For example,
speed is a scalar (driving at 50 mph) and velocity is a vector (driving at 50 mph North). Below are some key
properties of vectors.
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1. Vector-Scalar Product

Qg

The product of a vector @ = and a scalar k is a vector.

Ay

If & > 0 the resulting vector kd is collinear to d.
If k£ < 0 the resulting vector kd is antiparallel to vector a.

Khan Academy video example: Multiplying a Vector by a ScalarS.

ki = (’“Lw>
kay
2. Vector Summation
When summing two vectors, add together the components of each vector.

Formula:

Khan Academy video example: Adding & Subtracting Vectors’. Isaac Science

concept page: Describing and Adding Vectors®.

- —'_ am bz _ am + bz
b= )+ ()= (o)

3. Magnitude of a Vector

The magnitude, denoted as |d|, represents the total length of the vector and is
always a non-negative scalar. It is calculated by applying Pythagoras’ theorem
to its components.

Formula:

Formula:

4. Scalar (dot) Product - Definition 1
The dot product is the scalar given by the sum of the products of the corre-
sponding vector components.

Formula: ~
a-b=azby + ayb,

5. Scalar (dot) Product - Definition 2

The dot product of @ and b with known magnitudes and directions is the product
of the magnitudes of the vectors with the cosine of the angle between them.

Formula: . .
@-b=|a||b|cosd

The two definitions are equivalent®, you can derive them from the law of cosines,
as shown here? in a video by Virtually Passed.

%when using the usual Cartesian, or flat x-y coordinate system.
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A position vector starts at (0,0) and points to a specific location in space, giving the distance and direction to that
point from the origin. In the figure below, the straight line shown in blue intersects with the position vector 7.
The line continues, including all the points from (zg, yo) to (z, y) indicated by position vector 7. Using the second
key property of vectors we can see 7 + red vector = r. All the vectors along the red vector are scalar multiples,
A, of some directional vector b pointing from 7y to 7, in other words 7y + Ab = 7.

7

S

-------- Yo

|
|
|
|
|
|
|
|
|
:
o 0 X
Figure 1: Defining a straight line in terms of vectors.

Hence, we can write ¥ — 7 as a pair of equations in terms of z, y and a scalar A (a number)

o= A = (‘”‘xo) —A<bff> o 0= by
Y — Yo by Y — Yo = Aby.
Dividing both sides of the pair of equations by each other, we obtain the familiar equation of a straight line (in the
point-slope form):
Y—%
r — X

:’]’]’L7

where m = b, /b, is the gradient (slope) of the line.

Example 3

Find the vector equation of the line passing through points A with position vector 2¢ —j and B with position
vector 5+ 37. Note we have used unit vectors where ¢ denotes a vector one unit long in the a-direction and
7 denotes a vector one unit long in the y-direction.

Solution: We find the direction of the vector connecting A to B. To do this we subtract the position vectors:

(51 + 35) — (2 — 7) = (31 + 47).

From A to B, we travel some distance in the direction we found above. This distance will be the directional
vector multiplied by a scalar A\. Putting it all together, we find the vector of the line to be:

7= (21— 7) + A3t + 47).

Now try: the example for points A and B, which have position vectors 8; + 77 and 5i — 35 respectively.

Parallel lines have direction vectors that are the same (or proportional to each other), meaning that they have the
same slope. To relate the coordinates of these vectors, let us recall the definitions of the scalar product of two
vectors

by - b = |by||ba| cos O = bibay + biybay,

where 6 is the angle between them.
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Perpendicular lines have direction vectors, 51 L 52, 0 = /2 and cosf = 0. Hence, we get the familiar result for the
gradients of perpendicular lines;

blmng + blybgy =0 =>

bay 1

=L = m=——.

by ma

Example 4

Does point C with position vector 117 + 117 lie on 7 found in the previous example?

Solution: Check if point C lies on the line by equating the point with the vector equation:
(117 + 117) = (26 — 5) + A\(31 + 47).

This equation will hold for some value of A of the point does in fact lie on the line. We can write the above
as a pair of equations from the z and y components and solve find the value of A in each.

T — component:
Yy — component:

The solution is A = 3 for both, therefore, point C lies on the line between A and B.

Now try: is point D given by the position vector 2; — 3] on the line also?

—1+4x=11

2432 =11

The table below summarises how familiar concepts from coordinate geometry translate directly into vector notation.

Concept

Coordinate Geometry

Vector Equivalent

Coordinates of the point:

Straight Line

Y —yo = m(z — zo)
where m is the gradient.

e e . A
Position of a Point A Aza,ya) Radius-vector from the origin: 74 =
Yya
. Differences in coordinates:
Connecting Two TR — T
. Ar =2xp — x4, . T A
Points (A — B) The displacement vector: 7 — 74 =
Ay=yp —ya YB — YA
Equation of a Point-slope form: Vector form: 7 — 7 = Ab

b

where b = is the direction vector, and m = 3*.

by

Parallel Lines

Gradients are equal:
my =ms

Direction vectors are proportional: 51 = k)gg

Perpendicular Lines

Gradients multiply to —1:

_ 1
mi ——m72

Dot product of direction vectors is zero: 51 . 52 =0

Table 1: Comparison between Coordinate Geometry and Vector Equivalents.
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Example 5

ABCD is a thombus. M and N are the midpoints of BC' and C'D respectively.
Find ZMAN, if ZADC = 120°.

A

Solution: As shown the rhombus is centred at the origin and let us denote the side of the rhombus as a.
Then vertices then have the coordinates: A(0, —a cos30°); B(asin30°,0); C(0,acos30°); D(—asin30°,0).

1 1
We can calculate the midpoints M <4a, fa) and N (—4(1, fa) and then we can find the vectors
1 1
. Za . —Za
AM = 3 \/ga and AN = 3 \/ga . To find the angle between the two vectors use the dot product:
4

4
. AMAN (G0 (10 + (3e) (3Fe) 15
- |AM| x |AN| (o) (o) S

By taking the arccos we find ZMAN =~ 22°.

This example shows a neat property of the coordinate method: it can be used to solve problems that are
not phrased in the coordinate language. Almost every geometry problem can be solved like this.

Vectors are extremely useful in geometry. As an example, please watch this video by MIT OpenCourseWare!?. It
uses vectors to show that the three medians of any triangle intersect at the same point and that this point (known
as the triangle’s centre of mass) divides each median in a ratio of 2:1.

Problem 3 *(4 marks)

Relative to the origin O , the respective position vectors of three points A, B and C are

a d P
bl,leland|q
f r

Find an expression for the angle BAC.

Problem 4 (4 marks)

ABCD is a rectangle. Point M is the midpoint of BC. Point N lies on the side C'D such that the ratio of lengths
CN : ND is 1:2. If the line segment AM is exactly perpendicular to the line segment BN, find the exact ratio of
the side lengths AB : AD. You are required to produce a sketch and justifying your reasoning.
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2 Circles

2.1 Equation of a Circle

In general, any equation of the form Az? 4+ Ay? + Bx + Cy + D = 0 will produce a circle. Note that the square
terms have matching coefficients - otherwise the graph drawn from it would be an ellipse. You are probably more
used to seeing the equation of a circle with centre at (xg,yo) and radius R written as

(x —20)* + (y — w0)* = R*.

For a recap on how to write the equation of a circle in standard form'' watch this Khan Academy video.

e D

Example 6
Find the radius and centre of a circle with equation 4z? + 4y? — 24z + 32y — 4 = 0.

Solution: We shall rewrite this equation in the standard form, to do this we will need to complete the
square. First we can divide through by 4, yielding 22 +4? — 62 + 8y — 1 = 0. Then by completing the square
for the x and y-terms:

22 =6z = (r—3)°—-9and y* +8y = (y+4)°>—16.
Put these back in and rearranging for the standard form of the equation of a circle we get

(z — 3)%2 + (y + 4)? = 26. Therefore, the circle is centred at (3, —4) and has radius /26.

Now try: the example with equation 72 + my? — mx + 3wy = 8.

\. J

Problem 5 (5 marks)

Calculate the area bounded between the line y = —%x + 10, the circumference of a circle given by the equation
2% +y? — 122 + 4y = 0 and the axes (first quadrant).

The area of a sector is given by %91"2 where the angle is in radians.
2.2 Tangent to a Circle

For a point P on a circle, the tangent line to a circle at P is a line that “touches” the circle at P and has no other
common points with the circle. The tangent line is always perpendicular to the radius drawn to P.

~ )

Example 7

Find the equation of the tangent to the circle 22 + y? = 25 at the point (3,4).

Solution:
4
4 The gradient of the radius OP is 3 The tangent must gave a
4
P(3,4) gradient mp such that mp x 3= —1. Therefore, the gradient
z of the tangent is i

The equation of the line is hence cl 3= —Z, which simplifies
7 —
to 3z + 4y = 25.
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Problem 6 (4 marks)

Find the radius of a circle centred at (xg,yo) if the line with equation y = ax + b is tangent to it.
2.3 Inscribed and Circumscribed Circles

Every triangle has exactly one inscribed circle (tangent to all three sides) and one circumscribed circle (passing
through all three vertices). The inscribed centre lies at the intersection of the triangle’s angle bisectors, while the
circumscribed centre is where the perpendicular bisectors of the sides meet. For further reading see Krista King
Math'2,

e D

Example 8
For an isosceles triangle with sides 4, 3, 3 find the radius of the inscribed circle.

Solution: We start by choosing a coordinate system and drawing a diagram. The centre of the inscribed
circle is at the intersection of angle bisectors, which we have added as dashed lines.

Y
\ The bisector BO; of /B a vertical line (z = 2).
} = VB, Let us now find the bisector AO; of ZA. From the
| P 2 Pythagoras’ theorem the height of the triangle is
B(2,/5) l/,// v/32 — 22 = /5, which gives us the y coordinate of point
B. Hence tanf = %
1 - y= TSJT
1 X Using the trigonometric formula for the tangent of the
/"’/ half-angle: tan(6/2) = 1.5:3029 = 1‘_{_52//33 = % This is the
RN | 1
A(0,0 2Y] ‘ C(4,0) slope of AO, so its equation is y = %x
> . %
oo | M(2,0)
,”/ =2

Solving it simultaneously with z = 2 we find Oy (2, 3

25 )
The radius of the inscribed circle is equal to the length of O1 M, i.e. Tinse = 25—‘/5

Now try: the example with sides 2, 6, 6, centred at the origin.
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Example 9
For an isosceles triangle with sides 4, 3, 3 find the radius of the circumscribed circle.

Solution: To find the radius of the circumscribed circle we will use the same coordinate system. Let us
denote the centre of the circle as Os:

Y

We need the equations of two perpendicular bisectors.
The first will be a vertical line that cuts AC in half,
this is x = 2.

The perpendicular bisector to AB has the gradient

—% because it is perpendicular to AB.

The midpoint of AB is N (1, %) We can use the

formula y — yo = m(x — xo) to find the equation of line
z NOQI

B WE, L 2, o
Y= =775 V=T 10

To find the point O,, substitute z = 2: Oy (2, %)

The radius of the circumscribed circle is equal to the length of BOs: Reire = V5 — \1/—05 = %.

Now try: the example with sides 2, 6, 6, centred at the origin.

Problem 7 (3 marks)

A square is bounded by the lines z = 1, z = 5, y = 2, and y = 6. Find the equation of the circle that is perfectly
inscribed inside this square. What is the ratio of the area of the circle to the area of the square?

3 Review Problems

Problem 8 (4 marks)

The points P(—1,2), Q(2,6), and R(6,3) form a triangle. Present two proofs to show that triangle PQR is a
right-angled triangle (and not just a jumbled up football team).

Problem 9 *(6 marks)

Relative to a fixed origin, the points P and ) have position vectors 95 — 2k and Ti — 85 + 11k respectively. The
points P and @ are vertices of a cube, so that PQ) is one of the longest diagonals of the cube.

(a) Determine the distance between the points P and Q.
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(b) Show that the length of one of the sides of the cube is 13 units.

(c¢) Show that the origin O lies inside the cube.

Problem 10 (6 marks)

Three snails Andrew, Ibrahim and Will start in a garden by the flower pots, the water butt and the garden shed
respectively.

(0, 10)
Garden Shed

Flower Pots

Water Butt

(0,0) (10,0)

Figure 2: Garden coordinate grid with key locations labelled.
The displacement of each snail from its starting position at time ¢ minutes is given by the following vectors:

e Andrew: A7y = 3ti — 1.5t)
e Ibrahim: A7 = (2 — 2t)i — 0.5t
o Will: Ay = 237 — 3t

Do any of the snails ever meet? If so, who, where, and at what time do they meet?

Problem 11 (5 marks)

A computer program generates random points that will always be inside the circle 922 4+ 9y? — 45z + 24y + 52 = 0.
An equilateral triangle fits perfectly inside a circle. Determine the probability that the randomly generated point
lies inside the circle, but outside the equilateral triangle.

Problem 12 *(7 marks)

An engineer is designing a cardboard carton to hold a grid of six eggs. The cross-sectional profile of each of the two
rows of the carton is modelled by the equation:

19z -1
y(z) = 2cos <2+ %LG) + 2,

where y and = are measured in cm, and L is the total length of the carton. The egg carton has a length of L =8
cm, and an empty mass of 20 g.

(a) Given that the density of an egg is approximately 1.10 g cm ™3, estimate the total mass of the full carton.
(b) Assume that an egg is perfectly spherical, and the egg sits perfectly suspended between the carton’s peaks.
Find the “egg equation” (the 2D circle equation that models its cross-section).
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Problem 13 *(9 marks)
A student was given the following homework problem:
“A triangle is bounded by the following three straight lines: y = 2x + 10, y = —%x + 5, and y = 2.

Find the equation of circumscribed circle and the area of the region that lies inside the triangle’s circumscribed
circle, but outside the triangle itself.” The student submitted the following answer:

Find the triangle’s vertices
Point A is (—2,6), Point B is (—4,2), and Point C is (6, 2).

Find the area of the triangle

The base is the line between B(—4,2) and C(6,2), which is perfectly flat. The length is 10.
The height is the vertical distance from A(—2,6) down to the line y = 2, which is 6 — 2 = 4.
Triangle Area = % x b x h=0.5104 = 20.

Find the equation of the circumscribed circle and area difference
The circumscribed circle’s centre is the centre of the triangle. By averaging the coordinates I find the z-centre = 0
10

and y-centre = .

The radius squared (r?) is the distance from the centre to point C(6,2). We have: 7 = (6 — 0)% + (2 — 42)? = 230,

Therefore, the equation is 22 + (y — 13—0)2 = % and the area of the circle is 9340m. The area inside the circle but

outside the triangle is: 93407 — 20.

The student’s solution was incorrect. Go through the student’s method, “mark” what they got correct and highlight
the flaws in the solution. Then present a corrected solution to the problem.

Problem 14 (7 marks)

A radar station monitors a circular exclusion zone of radius 3 km. A drone is launched with the intention of
performing one of two possible flybys. Each flight path will be a straight line that just touches the edge of the
exclusion zone without entering it.

The drone’s flight path is given by the vector line equation 7 = Toi+ Yo + )\(2 + m}), where ) is a scalar parameter
and m is an unknown constant. By finding the possible values of m and computing the dot product of the direction
vectors of the two flight paths, find the angle between them.

.
Drone
(20, 0)

-3 E -1 0 1 2 3 4 5 6

Figure 3: Coordinate grid showing radar station and the drone’s starting position.
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A Key Equations

Description Formula
The distance between two points A(x1,y1) and B(xa,ys) |AB| = \/(z2 — 71)2 + (y2 — y1)?
The midpoint (x,y) of a segment with ends A(z1,y1) and B(za,y2) x =Tt 4= e
The equation of a straight line, with gradient m and y-intercept c y=mzx+c
Equation of a line with gradient m passing through point A(zg, yo) Yy —yo = m(z — xo)
. kag
Product of vector @ with scalar k ka =
kay
L= Ay + by
Sum of two vectors @ and b atb=
ay + by
Magnitude of vector d@ |a| = /a2 + a2
Scalar (dot) product of two vectors @-b=agb, + ayby = |@||b] cos 6
General equation of a circle A2+ Ay  +Bx+Cy+ D=0

B Now Try Examples - Answers

Example 1: y = —%1‘ + 11

—

Example 2: y = %x — g
Example 3: 7= (8i + 75) + \(—3i — 107).

Note: It is equally correct to use point B asAthe starting position, or to calculate the direction vector from B to A,
which would yield ¥ = (5¢ — 37) + A(3¢ + 107).

Example 4: No it does not lie on the line, the two resulting equations do not give the same value for .

Example 6: The circle’s centre is at (%7 —%) and it has radius 22—1

Example 8: r;,s. = @
Example 9: R, = 18@ .
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